A new many-body theory for fermions is proposed which is based on the S0(2N+1) Lie algebra of the fermion operators consisted of the annihilation-creation operators and the pair operators. A new cannonical transformation, which is the extension of the Bogoliubov The conventional standard approach to fermion many-body problems starts with the independent particle approximation (IPA), either the Hartree-Fock (HF) or the Hartree-Bogoliubov (HB) approximation, for the ground state. Excited states are then treated with the random phase approximation (RP A). The RPA treatment of excited states, however, meets a serious difficulty when an instability in the IPA ground state takes place. The lowest excitation energy evaluated by the RP A becomes zero at the instability boundary of the IP A ground state due to the equivalence of the instabilities of the IPA ground state and the RPA excited states.n In the region near the phase transition of the IP A ground state, the amplitudes of collective excitations become large and couplings between collective modes, which are neglected in the RPA, become of essential importance.
"'"i 1Vew Fermion lv!any-Body Theory
We present in this paper a new fermion many-body theory based on an extension of the group theoretical bases of the IP A and the boson expansion theory. The HF and HB theories are based, in their group theoretical backgrounds, on the U(1V) 5 J (the unitary group of N dimension, 1V being the number of the single particle state of fermions) and the S0(2N) (the special orthogonal group of 2N dimension) Lie algebras of the fermion pair operators, respectively. The boson expansion theory is also constructed on the S0(2N) Lie algebra. We start with the fact that the set of the fermion operators consisted of the annihilation-creation operators and the pair operators forms a larger Lie algebra, the Lie algebra of the S0(21V + 1) group.6l We firstly introduce a new canonical transformation which is the extension of the Bogoliubov transformationn to the S0(21V + 1) group. We derive a new self-consistent field (SCF) equation associating with the SO (2N + 1) algebra vvhich is an extension of the HF and HB equations. We next construct a new bose representation of the fermion Lie operators. An exact integral representation of fermion wavefunctions is derived in terms of the S0(21V + 1) canonical transformation in a manner similar to the generator coordinate method. sJ The fermion Lie operators, when operated onto the integral representation of the wavefunction, are mapped into the regular representation of the SO (2N + 1) group. Since the SO (21V + 1) Lie algebra contains the annihilation-creation operators, not only the pair operators but also the annihilation-creation operators themselves are represented by the bose operators. Furthermore, the bose images thus obtained are the closed first order differential forms over the S0(21V + 1) group in contrast to the infinite power series representation in the boson expansion theory. These features make the present theory suitable for the description of collective excitations with large amplitudes and possible to describe the processes involving unpaired particles. The new bose representation leads to a quite new interpretation of the dynamics of fermions. We show that the dynamics of fermions is equivalent to rotations of a 21V +!-dimensional rotator. The SCF equation extended to the SO (2N + 1) algebra describes the classical motion of the rotator. § 2. The S0(2N-1-l) Lie algebra of the fermion operators and an
extension of the Bogoliubov transformation
We consider a fermion system with 1V single particle states. Let Ca and c a\ a= 1 · · · 1V, be the annihilation-creation operators of the fermion. The Greek indices ct, /], r · · · denote the given 1V single particle states. We use the dummy index convention to take summation o\-er the repeated index. of the fermion are defined by E a fJ == Cat C/J ---t (} afJ ,
The pair operators (2·1)
H. Fukutome, M. Yamamura and S. Nishiyama
They have the properties Ea~t=E~a, Ea~=EJa, Ea~= -E~a •
It is well known that the subset {Eap} of the pair operators forms a U(N) Lie algebra and the set of the all pair operators (2·1) forms an S0(2N) Lie algebra. 6 We have omitted to write down the commutation relations obtained from (2 · 3)
by the hermitian conjugation. The S0(2N + 1) Lie algebra of the fermion operators is the Lie algebra generated by the annihilation-creation operators and contains the S0(2N) and the U(N) Lie algebras of the pair operators as the sub-algebras.
In the HF and the HB theories, the canonical transformation of the annihilation-creation operators generated by the Lie operators in the U(N) and the SO (2N) algebras, respectively, played a central role. We introduce a new canonical transformation of the annihilation-creation operators generated by the Lie operators in the S0(2N + 1) algebra that is the extension of the Bogoliubov transformation to the S0(2N + 1) group and plays central roles in our theory.
The operators di, i = 1, · · ·, N, obtained from the annihilation-creation operators Ca and c} by the relation The operators di are then a canonical transform of the annihilation operators c". The parameter z is a real number but the others are complex. The A, B and x in (2·5) are the NXN matrices A= (A"i), B= (Bai) and the column vector x = (xJ, respectively. The symbols t, T and * denote the hermitian conjugation, the transpose and the complex conjugation of matrices and vectors, respectively.
To prove the above statement, we note that the operators di can be represented in another form as
The equality of (2·4a) and (2·4b) can be shown from the relations
which are obtained from the anti-commutation relations of ca and c} and the conditions (2·5c) and (2·5d). We have from (2·4a), (2·4b) and (2·7)
The anti-commutation relations for di can easily be derived from (2 · 8), (2 · 5a) and (2·5b).
The inverse of the canonical transformation (2· 4) IS
when the parameters satisfy also the following normalization conditions:
where the y is the row vector y = (Yi).
straightforwardly by substituting (2 · 4a) and (2·10).
The proof of Eq. (2 · 9) can be made or (2·4b) into (2·9) and usmg (2·7) Consider the 2N + 1 dimensional row vectors ( (ca 1 ), (ca), 1/-/2) and ( (d/), (d;), 1/v2). Then from (2 · 9) and (2 · 7) they are related as
where G is the (2N -l-1 
The conditions (2·5) and (2·10) are nothing but the orthogonality conditions GGI=1, GIG=1
for the matrix G. Therefore, the canonical transformation (2 · 4) and its inverse (2·9) are specified by an S0(2N+1) matrix G. We define by U(G) the unitary transformation in the fermion space to induce the canonical transformation (2 · 4):
The unitary + 1) Lie algebra. 
We can see from the Lie commutation relation (2 · 3) that the unitary transformation (2·20)
Is an infinitessimal canonical transformation in the type of (2 · 4) determined by the S0(2N+1) matrix 1+oG.
The canonical transformation (2 · 4) defines new fermion quasi-particles. We use the Latin indices i,j, k··· for the quantities referring to the quasi-particles.
The canonical transformation (2 · 4) violates the fermion number conservation not only by even numbers as in the Bogoliubov transformation but also by odd numbers.
We define the quasi-particle vacuum I 06 ) by 
Let the hamiltonian of the fermion be
where the single particle hamiltonian hap includes the chemical potential and <aJYI ro) is the matrix element of the interaction potential. The expectation ,-alue of the hamiltonian by the quasi-particle vacuum is given from (2 · 23) as 
Daf3-darlt3oJ<E,r).
(3 ·2)
We show that the SO (2N + 1) canonical transformation (2 · 9) may diagonalize the inhomogeneous quadratic hamiltonian with the term linear with respect to the annihilation-creation operators:
-F*, the hamiltonian (3 · 3) can be expressed as
(3 ·4)
where the F and D are the NxN matrices F= (Fa~) and D= (Da~) and the M is the column vector 1J1=(1J1a). By using (2·11) and (2·7), Eq. (3·5) becomes
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Since the matrix g: satisfies the relation
and its trace is zero, the 2N eigenvalues of '3 are m pmrs (ci, -~;;) and the remammg one is zero.
Therefore, the matrix '3 is diagonalized with an SO (2N + 1) matrix G into the following form:
where c = (oijc;) is an N-dimensional diagonal matrix. From (3 · 8) and (2 ·12),
we obtain the eigenvalue equations ·1) is identical with the one derived from the variation of the quasi-particle vacuum expectation value of the fermion hamiltonian, so that the ground state of the SCF hamiltonian coincides with the variationally best quasi-particle vacuum. Equation (3 · 9) with the non-vanishing 111a's, hmvever, is not obtained from the variation of the quasi-particle vacuum expec- on the coincidence of the ground state of the SCF hamiltonian with the quasiparticle vacuum to make the energy expectation value stationally, we are forced to put Nia = 0 and no extension of the SCF approximation beyond the HB theory 1s achieved. Although we have derived Eq. (3 · 9) from the diagonalization of the hamiltonian (3 · 3), the equation in the form of (3 · 9) may be derived without reference to the hamiltonian (3 · 3). We shall derive in § 5 the time dependent version of Eq. (3 · 9) from a bose representation theory of the SO (2N + 1) fermion algebra.
Then, the parameter Ma is related to the constraints to select out the physical fermion space. The equation in the form of (3 · 9) may also be derived by the variational procedure when we use the variational wavefunction whose energy expectation value is a functional dependent not only on the expectation values of the pair operators by the SO (2N + 1) quasi-particle vacuum but also on the expectation values of the annihilation-creation operators. The-n, the parameters F ap, Dap and lvfa are given by the functional derivatives
and the variational equation becomes of the form of (3 · 9). An example of such a variational wavefunction is the SO (2N + 1) quasi-particle vacuum projected onto the eigenstates of the particle number and the total angular momentum. The SCF theory using the projected SO (2N + 1) quasi-particle vacuum will be discussed and has a novel feature to clarify the group theoretical structure of fermion wavefunctions in connection with the fermion Lie algebra.
We consider a function IJI(G) on the S0(2N+1) group. We may correspond to 1fl (G) a state vector [1Ji") in the fermion space as
where the integration is the group integration over the SO (21Y + 1) group. 9 ' \Vhen an infinitessimal SO (2N + 1) canonical transformation (2 ·17) is operated on I If!), it transforms 11ft) as
( 4· 2) where we have used the group property of U(G) and the invariance of the group measure for the transformation of the variable G by any group element. Equation .v--z-
where A IS a complex variable. By noting the relation (4·6) and introducing the following notation to use a suffix P running from 0 to 2N:
Bai+~-~";*: Bao Xa, consists of all square integrable functions lJf (G), is of infinite dimension. Since the dimension of the physical fermion space is 2N, it must be a subspace of the space of the regular representation. It is a well-known basic theorem of the group theory that the regular representation of a compact group includes all irreducible representations of the group. 121 What kind of the irreducible representations of the SO (2N + 1) group is to be corresponded to the physical fermion space? Let @0 (G) be the function to be corresponded to the free-particle vacuum in the fermion space. It must satisfy the conditions
Ca{j)o(G) =0,

E"af!Jo(G) = -t {j)o(G). (not summed for a) } (4·9)
The second condition in ( 4 · 9) shows that the tensor representations cannot 
where If) and j g) are the states contained in an orthonormal complete set including the free particle vacuum. Since ( 
Therefore, the functions @ 10 (G) =<fJU(G) jO) satisfy the condition (4·9). Thus, there are 2N linearly independent and orthogonal functions which may be corresponded to the free-particle vacuum. The multiplicity of the vacuum is due to the property of the regular representation that it includes an irreducible representation with the multiplicity equal to the dimension of the representation. 
Note the conspicuous similarity of Eq. (5 ·1) to Eq. (3 · 9).
vVe can derive the time dependent version of Eq. U3. 9) as the classical limit of Eq. (5 ·1). The classical limit of Eq. (5 ·1) cannot be obtained by simply making the bose operators the c-numbers as clone in the derivation of the classical limit of the boson expansion theory. 141 As seen from Eqs. ( 4 · 7) and ( 4 · 8), the c-number limit of the Lie operators obtained in this way is zero. This owes to the rotational nature of the motion. The classical limit is obtained by making a rotation. We make a coordinate transformation bringing the body fixed coordinate to the frame referred to the quasi-particles:
where Oqp are the bose operators involved in the Lie operators of the quasi-particle:
The Lie operators of the quasi-particles are constructed from the operators in ( to secure the normalization (2 · 5a). Therefore, the Eo is the energy of the classical motion of the rotator and the H' is the energy of the quantum mechanical fluctuation. The classical energy (5 · 7b) deviates from the quasi-particle vacuum expectation value of the hamiltonian (2 · 24) owing to the presence of the constraint terms in ( 4 ·18). The constraint terms in ( 4 ·18) as a whole should yanish in the physical fermion space, but their classical parts in (5 · 7b) might not. We note that the parameters kaf3 and lap and consequently lvf" cannot be determined in the classical limit only. The determination of them requires consideration on the quantum mechanical fluctuation. § 6. Concluding remarks
The fact that annihilation-creation operators of fermions generate an SO (2iV + 1)
Lie algebra is a consequence of their anticommutation relations and a kinematical property of many fermion systems. The RP A is an approximation to break the Lie algebraic nature of the pair operators. A large part of mode couplings is therefore considered to be accounted for as the kinematical effects due to the Lie algebraic nature of the fermion operators. The present theory based on the SO (2N + 1) Lie algebra provides a group theoretically transparent kinematical frame for many fermion dynamics which is capable to describe both paired and unpaired modes in contrast to the boson expansion theory which is unable to describe unpaired modes. (2N + 1) , if we can find such an algebra, will make the canonical transformation non-linear and the nature of the approximation will change drastically. Thus, the SO (2N + 1) algebra seems to be the largest algebra to yield an extension of the IPA without serious modification of the independent particle character of the approximation.
The present theory establishes that the IP A is the classical limit of the fermion dynamics mapped into the regular representation of the Lie algebra of the fermion operators. This characterization of the IP A is a group theoretically rigorous and more general presentation of the finding of Marshalek and Holzwarth 14 J that the time dependent HE theory is the classical limit of the boson expansion theory. The IP A is the approximation to have a close connection with the Lie algebras of the fermion operators.
The difficulty of the IPA-RP A prescription has been a major unsolved problem in the many-body theories of nuclei and solids with narrow d bands. We note finally that it occurs also in the field of molecules. One of the authors has shown that instabilities of the HF ground state occur frequently in many chemically reacting molecules, 15 J so that mode couplings are of essential importance in excited states of such reaction systems.
